DAY 7

Summary of Topics Covered in Today’s Lecture

Hyperbolic Trajectories

If the system has even more energy
that that needed for m to have a i
parabolic trajectory, then m will
have a hyperbolic trajectory. m = Tt
does not even remotely begin to - L
orbit M - rather, M's “gravitational N
well” only deflects m as m passes by =
at high speed. Fi
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The figures show a Hyperbolic /
Trajectory (in red) around central
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The total energy in the system is

Enhyperbolic = KE + PE > 0

Thus the energy of an object in a

hyperbolic trajectory is said to be
positive, or greater than zero. A
hyperbolic trajectory will take an
object to infinity and then some.

Hyperbolic trajectory --
“To Infinity.. and Beyond!”




Summary

So, 1if a small object m is located a distance vT
r from a much larger object M which does not m =

move, and we launch m with speed v as shown in

the figure at left, then the path m follows b
will depend on the speed v

M 1f v = (GM/r)'? then m will orbit M in a circular path as

shown by the black orbit in the figure below. The energy

of m 1s Ecircular = — ¥ GMm/r < 0

M 1f (aM/r)Y? < v < (26M/r)'’? then m will orbit M in an
elliptical path. The higher v is (within this range), the
more eccentric the shape of the ellipse will be (see figure
below) and the further out m will move from M at its most
extreme point. The energy of m is - % GMm/r < Ecitipticar < 0

M 1f v = (ZGM/J:)l/2 then m will travel away from M on a
parabolic trajectory as shown by the dashed brown
trajectory in the figure below. The energy of m is

Eparabolic = 0.

M 1f v > (26M/r)*? then m will travel away from M on a
hyperbolic trajectory. The more extreme v is, the flatter

the trajectory will be. The energy of m 1s Enyperbolic > 0.
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A Gravity Example That Really Pushes Our Limits, Mathematically

Today we did a series of example problems that started off being
pretty easy but ended up being quite difficult.

Note, however,
that they all use the same concepts.

Example Problem #1

An object of mass m is launched upward with speed v; from the Earth’s surface.
The object stays close to Earth where the gravitational field strength g is a
constant. Derive an equation for the height the object reaches. Derive an

equation for the time the object is in the air. Assume air friction does not
convert a significant amount of the object’s energy to heat.

Solution:

In this problem 1 use the old PE = mgy formula for graVvitational potential energy that is
based oh the assumption that the Earth’s gravitational field is constant.
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Example Problem #2

An object is launched upward from the Earth’s surface at 30 m/s.

How high
will it go and how long will it be in the air?

Solution:

. [30”‘)
L S 459

=45.9m
20 2(9.8m/s?)

:ﬂ 2(30m/s) 6125
g 9.8m/s’

TOT

Example Problem #3

An object of mass m is launched upward with speed v; from the Earth’s surface
(or from just above the Earth’s atmosphere). Derive an equation for the
height the object reaches - no matter how high the object goes. Derive an
equation for the time the object is in the air. Assume air friction does not
convert a significant amount of the object’s energy to heat.



Solution:
Now I can’t assume the graVvitational field is constant any more. T have to use the hew
PE formula from Day 6 for a point mass

PE--G""
However, the basic idea is still the same.
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Example Problem #4

An object is launched upward from the Earth’s surface at 30 m/s. How high
will it go, using this formula?

Solution:

The mass of Earth is M = 5.98x10%* kg
The radius of Earth is rg = 6.37%10° m
G = 6.67%10" Nm?*/kg?

VL =30 m/S
1 v Y
p=|_—=—— _
[RE 2GMJ R
= 1 30 ’ 6.37x10°
(6.37x%10°  2(6.67x10™)(5.98x10%*) '

£ = (1.5698587127 X107 —1.1281984426 X102 | —6.37x10°
h =6370045.7791243823 — 6.37X10° = 45.7791243823

Working the units out ] get

-1 -1 -1

m? 1 1
P I S I I I B I S m_(ll)‘lm_m_m_m
m Nlnik m g1 m m1 m m
kg? 9 kg s? kg

So there ] have it—h = 5.8 m. Basically the same result as before.



Example Problem #5

An object is launched upward from the Earth’s surface at 10,000 m/s. How
high will it go, using this formula-?

Solution:
The mass of Earth is M = 5.98x10%* kg
The radius of Earth is rg = 6.37%10° m
G = 6.67x10 Nm?/kg?
Vg, = 10,000 /S
1 v
h=|—-—=% =
[Re 2GMJ Re
- 1 100002
1 6.37x10°  2(6.67X10)(5.98x10%)

-1
} —6.37x10°

f = (1.5698587127158555729984301412873X10°7 —1.25355382509414189226¢5700561091x107 ) * —6.37X10°

H =3161506632 — 6.37X10° = 25245066 /7

Go the object will reach a height of 25.2 millioh meters. To give ah idea
how far that it, the radius of Earth is 6.37 million meters, SO the
diameter is 12.7¢ million meters. Therefore if the object is
launched from near Earth’s surface at that speed, it Will rise to
about 2 Earth diameters above the surface, as shown in the
Figure at right.

Example Problem #6

What speed is needed to launch an object out to the distance of the Moon’s
orbit, and how long will it take to go out and come back?

Solution:

The mass of Earth is M = 5.98xX10%* kg
The radius of Earth is rg = 6.37%10° m
G = 6.67x10™ Nm*/kg?

Distance of Moon’s orbit = 3.8¢ X 10® m SO Re+h = 3.8¢ X 108 M

(1o
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First I re-write this in terms of Vi:
1 1
vV, = - _
L \/ZGM[R@ Z +/7J

ahd now let’s “plug-n-chug™

1 1
vV, = [2(6.67x101 5.98x102"[ - ):11097.5/77/;
¢ \/ ( X ) 6.37x10° 3.8¢x10°




Go it must be launched at a speed Of 11,100 mM/S (24,800 mph) to reach the distance of
the moon’s orbit.

Figuring the time is a tougher issue. 1 have to use a Spreadsheet to estimate the time.
None of these answers depend oh mass, but T'll heed to piCK @ mass for my spreadsheet.
Let’s say 100 kg. Now Tl figure the total energy the object has at Earth’s surface when
it is launched at 11,097.5 t/s.

9 File Edit Miew Insert Format Tools Data  Window  Help NO'te that the tOtal energy 'S hegatlve, as lt ShOUld be
= | AR e | . | @ : Ari . . . .
d —52@' P-RR=NES ';5 ol \ll@  E:"  ifthe object is not going to escape Earth totally.
s - D BT ) .
] TOTAL ENERGY (CALCULATED AT LAUNCH) Now, for a Variety of heights I Calculate the PE of
- ——E the object. Note that the first row, with h=0, gives
] W= 11097 5 mis e my original PE. T'm inCrementing my heights in
u teps o :
i KE =1/2 my2 = B.1577E+09 J §teps Of 10,000,000 f
(] E19 - 3
b hl = 5.98E+24 ky A | B | | D | E | F
] Re= B.37E+0B m 3
| €= BUEE D b 2 2 4] E=KE+PE= -1.0391E+08 J
1 —
7] PE=-GMm/Re= -52616E+19 J g—
3 =1
4| E=KE +PE= -1.0391E+08 J 1| h (m) r(m) PE ()
£ B8] 0 B.37E+06 -5.2515E+09
B El 10,000,000 1.64E+07 -2.4366E+09] 1
0] 20000000 2.64E+17 -1.5126E+09
] 30000000 3.64E+07 -1.0967E+09
Now ] add a column for the total 7] 40000000  4.54E+07 -B.6018E+03
energy (which does hot change), 3 80,000,000  &5B4EHI7 -7.0759E+IG
: 7 B0000000  G.64E+07 -5.0097E+08
and take the differenCe between 5 | 70000000 | 7 BAEHI7 -5 222RE408
the total energy and the PE to | 80000000  G.B4E+07 -4 B181E+08
get the KE. 7| 90,000,000  9.64E+07 -4.1389E+08
B 100,000,000  1.0GE+08 -3.7498E+08
| 5 R R S E | 9| 110,000,000  1.16E+08 -3 427BE+08
0] 120,000,000  1.25E+08 -3.1563E+08
E=WKE +PE = A.0391E+08 i 130,000,000 | 1.36E+08 -2.9249E+08
2] 140,000,000  1.46E+08 -2.7251E+08
3] 150,000,000 1 56E+08 -2 550BE+08
h () r (m) PE (J) E () KE () i 160,000,000 | 1.6GE+D8 -2.3975E+08
0 B.37E+05 -5.2616E+09 -1.0391E+08 B.1577E+08 =
10000000 | 1.64EHI7 -2 4366EH19 -1.0391E+HIS 2.3327E+H19 E ks
20000000  2E4EHIT -1 8126E+09 -1.0391E+H13 1.4087E+H19
30,000,000 | 3.64E+07 -1.0967E+09 -1.0391E+06 9.9278E+08
40000000 | 464E+07 -BED1BE+DS -1.0391E+08 7.5527E+08 ; 2
50000000 &5 B4EHI7 -7 O7S9EHIE -1.0391E+HIS 6.0368E+05 Slnce KE = %my s
E0000000 G.G4E+07 -5.0097E+08 -1.0391E+08 4.9707E+08 JCcah solve forv ... (V= 2KE/m)’2
70000000 | 7.64E+07 -5.2226E+08 -1.0391E+08 4.1837E+08
80000000  8R4EHI7 -4 B1S1EHIE -1.0391E+HI5 3.5790E+05 I add a CO'Umn 'FOY that’ t00.
SO000000 9E4EHIT -4 1380E+08 -1.0391E+H13 3.0998E+02 o | e | U | = | el |
100,000,000 | 1.08E+08 -3.7498E+08 -1.0391E+08 27107E+08]  {|PE=- G M m/Re = . 2616E+09 J
110,000,000  116EHIE -3 4276E+H18 -1.0391E+H18 2. 3885E-+H18 |
120,000,000  1.26EH1E -3.15R3E+08 -1.0391E+H18 2 1173E+H18 __E =KE +PE = -1 0391EHIS J
130000000 | 1.35E+08 2.5240E+08 1.0391E+08 1.0050E+08 |
140000000 | 1 45E+08 27251E+08 1.0391E+08 1.6060E+08 |
150,000,000 | 1.5BE+08 -2.5508E+08 -1.0391E+08 1.5117E+08 T him ' () PE () E () KEQ) | w(mis)
160,000,000  1.6EEHIS -23975E+08 -1.0391E+03 1.3584E+DBE 7l 0 F37EHIE -6 2R1BE+09 -1 0391E418 B 1577E+19 11097 5
170,000,000 |1.76E+08 -2 2615E+08 -1.0391E+08 1.2266408 || 10,000,000 |1.64E+07 -2.4366E+09 -1.0391E+08 2.3327E+09 6530.314
[| 20000000 |2.64E+07 -1.5126E+09 -1.0391E+08 1.4067E+09 5307.857
7 30000000 |3.64E407 -1.0967E+09 -1.0391E+08 9.9276E+08 4455967
| 40000000 | 4.64E407 -B.E016E+08 -1.0391E+08 7.5627E+08 3609.149
{| E0000000 | 5G4E407 -7.07S9E40R -1.0301E+03 6.OIGEE+0E 3474704
| B0OODOO0 | BE4E407 -6.O0S7E40R -1.0331E+08 4.9707E+08 3152.956
7| 70000000 | 7B4E+07 -5.2223E+08 -1.0391E+05 4 1537E+05 2592655




Now I 0ok at this. This is just an estimate, but for the 1°° 10,000,000 m Of travel, the
object starts at 11,097.5 m/S ahd ends at 6830.314122 m/s. The average speed here is
8963.907061 m/s. With a distance of 10,000,000 m and ah average speed Of 8963.907061
m/s, 1 Cah figure the time to cover that first 10,000,000 m is

t = 10,000,000 M /(8963.907061 m/S) = 1115.585 §

T'll so this for every 10,000,000  inCrement:

h (m) r (m) PE (J) E(l) KEM | wimfs) (s
0 B.37E+06 -5.2616E+09 -1.0391E+08 6.1577E+09 110975
10,000,000 | 1.BAE+D7 -2.4366E+09 -1.0391E+08 2.3327E+09 6830.314 1115.585
20000000 | 2.G4E+07 -1.5126E+09 -1.0391E+05 1.4067E+08 5307.857 1647 695
30000000 | 3.64E+07 -1.0957E+09 -1.0391E+05 0.9275E+08 4455957 2045378
40000000 | 4.64E+07 -B.6018E+08 -1.0391E+05 7.5627E+08 3889.149 2396611
50000000 | 5.G4E+07 -7.0765E+08 -1.0391E+05 6.0I66E+08 3474704 271597
0000000 | G.GAE+I7 -5.0097E+08 -1.0391E+05 4.9707E+08 3152.986 3017643
70,000,000 | 7.64E+07 -5.2228E+08 -1.0391E+08 4.1837E+08 2892.658 3308.167
80000000 | GB.G4E+07 -4.6181E+08 -1.0391E+05 3.5790E+08 2676.457 3591.68

Qm nn oo QEAENT | A 12005109 0 1 201 EanS 2 NOoaeEna 2490 Q41 0 2971 Q44

1 extend the table oh down until I reach the height of the orbit of the moon (where r =
3.8¢4 x 10% m). Going beyond that is asking the spreadsheet to take the square root of a
negative humber, which it will not do.

340,000,000  3.46EHIS -1.1516E+08 -1.0391E+18 1.12459E407  474.3144 19684 67

350,000,000 3A66EHIG -1.1192E+08 -1.0391E+18 8.0173E+06 4004334 2286373

360,000,000 366EHIG -1.0887E+08 -1.0391E+18 4.9624E+06 315.0359 27953 60

0000000 3 7RE+R -1.0588E+08 -1 0391E+08 2 NB98E+H16 203 45679] 38573 261

380,000,000  3.86E-+H03 -1.0323E4058 -1.0301E+00 #esssuasa” a0lUnl 7 UM

=]

Now I have a huge list of times — one for every 10,000,000 m Of travel. T add up all
these to get the time going up to the Moon’s orbit.
| | ;

| il i) B | B I | = = =i - A -
e =5UM{H19:HE)
| ¢ | o | e | F [ 6 | H | 1 | J ]
M miRe = -6.2616E+19 J
PE = -1.0321E+408 J
] rim FE () El KE () v (m/s) t (=) SUM of ALL t values
5.37EHI5 -B.2616E+12 -1.0391EHIE B.1577E+09  11097.5 |19:H555 |
ol

000 | 1.64E+07 -2.4366E+09 -1.0391E+08 2.3327E+09 5330.314]' 1115.586‘]
nn 2 RAFHT -1 :'-'.1?HFHj.q -1 n391|=mﬂ 1_ ANR7FEHG R3NT7 RA7 1 1RAT R9R . .
My answer for the time going up is 3¢3283.0786 SeC. The total time is then 686566.1572

sec or 8 days.

This is only an estimate. 1f I make my inCrements smaller the estimate gets better. (Jsing
1,000,000 m inCrements I get about 9.5 days, wWhich is Close to the true Value.



FOR PHYFICS 232 ONLY

To get a true value requires the use of Calculus. Tl use the basic definition of vV and
combine it with the energy stuff T'll beenh doing so far:
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T'm going to feed this integral to some computer integration program.

TRe+h = 3.8¢ X 20® m = 384,000,000 M
Re = 6.37 X 10° M = 6,370,000 M

Plugging the humbers in ] get the integral to be 1.18 X 10%. I still inClude the value ih front of
the integral so

1.1809 x 10"

J2GM

For the full trip (Up ahd down), we get 8.36X10° seconds or 9.7 days! Years ago I did this problem
with a Class ahd we had to use a TI-92 CalCulator to do the integration and it was much

tougher, and before that this sort of problem was almost impossible. Ish’t technology
wonderful?

—4.18x10° §



